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1 Introduction 



The motivation for our researches was to extend the notion of Lie algebroid using the 
extension Mod-morphism associated to a B^-morphism. Using this general framework, 
we get a panoramic view over classical concepts from mathematics. [1] 

We introduced the notion of interior differential system (IDS) of a generalized Lie 
algebroid, in general, and of a Lie algebroid, in particular. We develop the exterior 
differential calculus for generalized Lie algebroids and, in this general framework, we 
establish the structure equations of Maurer-Cartan type and we characterize the in- 
volutivity of an IDS in a theorem of Cartan type. Finally, using the classical notion 
of exterior differential system{see: [2,4,6,7]) (EDS) of a generalized Lie algebroid, in 
general, and of a Lie algebroid, in particular, we characterize the involutivity of an IDS 
in a theorem of Cartan type. In particular, we can obtain similar results with classical 
results for Lie algebroids. (see: [3,8,9]) 
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2 Preliminaries 



In general, if C is a category, then we denoted by \C\ the class of objects and for any 
A, i?G |C|, we denote by C {A, B) the set of morphisms of A source and B target. 

Let Vect, Liealg, Mod, Man, B and B'^ be the category of real vector spaces. 
Lie algebras, modules, manifolds, fiber bundles and vector bundles respectively. 

We know that if {E, tt, M) G |B^| , then (L (E, tt, M) , +, •) is a J" (M)-module. 

In adition, if {E, tt, M) G |B"^[ such that M is paracompact and if ^ C M is closed, 
then for any section u over A it exists -u € F {E, tt, M) such that u^j^ = u. 

Note: In the following, we consider only vector bundles with paracompact base. 

Proposition 2.1 If {ip, (Pq) G B^ {{E, tt, M) , {E' , tt' , M')) , then it exists a Mod- 
morphism T (ip, ip^) of V {E, tt, M) source and T (E', tt' , M') target. 

Proof. For every y G ip^ (M) , we fixed Xy £ M such that ip^ (xy) = y. Then we 
obtain a section F {(p, ^Pq)u over the closed set ip^ (M) defined by 

V{ip,ipQ)u{y) = ip{uxy) . 

As M' is paracompact, then it results that the section F {ip, ipg) u can be regarded 
as a section of (F {E', tt', M') +, •). 
So, we obtain a Mod-morphism 

F(£;,7r,M) ^^'^''^"^ > F(£;',7r',M') 
u I — > V{p),ipQ)u 

defined by 

V{ip,ipQ)u{y) = <p[u^^) , 
for any y & ipo (M) . q. e. d. 

Definition 2.1 A Mod-morphism given by the previous proposition is called the 

extension Mod-morphism associated to the W -morphism {lp,lpq). 

Remark 2. 1 The construction of the extension Mod-morphism associated to a B^- 
morphism (</?, ip^) is not unique, but any two extension Mod-morphisms associated to 
a B"^-morphism {(p, ip^) has the same properties. 

Example 2.1 If {ip, (p^) € B^ {{E, tt, M) , {E' , tt' , M')) such that ip^ G Diff (M, M') , 
then we obtain the unique Mod-morphism 

T{E,TT,M) ^^'^''^"^ > T{E',tt',M') 
u I — > V{ip,ipQ)u 

defined by 

(F ((p, (po) u) {x') = ip • 
F((/?, (^o) is called the M.od-morphism associated to the -morphism (</?, i^q)- 

3 The category of generalized Lie algebroids 

We know that a Lie algebroid is a vector bundle {F, v, N) G IB"^! such that there exists 

{p, Un) G B^ {{F, V, N) , {TN, TN, N)) 
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and an operation 

r(F,i.,iv) xr(F,z/,iv) ^ r(F,i.,iv) 

{u,v) I — > [u,v]j, 

with the following properties: 

LAi. the equality holds good 

[u, f ■v]p = f [u, v]p + r (p, 7djv) {u) f ■ V, 

for all u,ver {F, v, N) and f £ T (N) , 

LA2- the 4-tuplc (r {F, u, N) , +, •, [, ]p) is a Lie J-" (A^)-algcbra, 

LA3. the Mod-morphism r{p,IdN) is a LieAlg-morphism of (F {F,u,N) 
source and (F {TN, tn, N) , +, •, [, J^-jv) target. 

Obviously, in the definition of the Lie algebroid we use essential the Mod-morphism 
r (p, Mn) associated to the B'^-morphism (p, /c/at) • 

So, we are interested to finding the answer to the following question: 

• Could we to extend the notion of Lie algebroid using the extension Mod-morphism 
associated to a -morphism? 

Definition 3.1 Let M,N £ |Man| and h G Man (M,iV) be surjective. 
If {F, ly, N) G |B^| such that there exists 

(p, v) e ((F, u, N) , (TM, TM, M)) 

and an operation 

r (F, z/, A^) X r (F, u,N) r (f, u, n) 

{u,v) ^ [u,v]p^h 

with the following properties: 

GLAi. the equality holds good 

[^'/ • ^]F,h = f W^v]pf^ + r{Tho p,hor]) {u)f- V, 
for all u,veT (F, u, N) and f e {N) . 
GLA2. the 4-tuple (v (F, i/, iV) , +, •, [, ]p f^ is a Lie T (iV)-algebra, 

GLA3. the Mod-morphism F (T/i o p, /t o r/) is a LieAlg-morphism of (F, v, N) , -|-, •, [, ]p 
source and (F {TN,tn, N) , -|-, •, [, ] j,^) target, then we will say that the triple 

(3.1) (^{F,u,N),[,]p,^,{p,v)) 

is a generalized Lie algebroid. The couple ^[, j^.^ , (p, 77)^ will be called generalized Lie 
algebroid structure. 
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Definition 3.2 We define the set of morphisms of 

(^{F,u,N),[,]^,^,{p,v)) 

source and 

((F',^',iV'),[,]^,,,,(p',ryO) 

target as being the set 

{{cp,<Po) {{F,u,N),{F',u',N'))} 
such that the Mod-morphism F {(p, (po) is a LieAlg-morphism of 

(r{F,U,N),+,;l]F,h) 

source and 

(r {F',u',N'),+,;[,]j„^,^,) 

target. 

We remark that we can discuss about the category GLA of generalized Lie alge- 
broids. 

Let (^{F,iy,N),[,]j,,^,{p,r,)) be a generaUzed Lie algebroid. 



Locally, for any a,/3 G we set [ta,tp]p ^= L'^^^t^- We easily obtain that 
Y _ _ r7 



The real local functions ^^Pil ^ will be called the structure functions 

of the generalized Lie algebroid ( {F, u, N) , [, , {p, j . 



We assume that (F, N) is a vector bundle with type fibre the real vector space 
+, •) and structure group a Lie subgroup of (GL (p, M) , •) . 



We take as canonical local coordinates on {TM,tm,M) , where i € l,m. 

Consider — > (x* (x*) , (x*,y*)) a change of coordinates on {TM,tm,M). 
Then the coordinates change to by the rule: 

(3.2) /=i^V- 

We take (x*,^") as canonical local coordinates on {F,u,N), where ?€l,n, a € l,p. 
Consider — > a change of coordinates on {F,i',N). Then the 

coordinates z" change to by the rule: 

(3.3) z"'=Ag>. 

• We assume that {9, p) ^= {Th o p,ho t]). If z'^ta € L (F, i^, N) is arbitrary, then 

r (T/i o p, /i o r]) {z'^ta) f{hon (x)) = 

^'■'^ = l^^^'^^) ° ^ = ((^^ ° ^) ° ^) ^) ' 

for any / G 7" (iV) and h € N. 
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The coefficients respectively 0^ cfiange to p^- respectively 0^- by tfie rule: 
(3.5) 

respectively 
(3.6) 

where ||A°| = ||A°'|| 

Remark 3. 1 The following equalities hold good: 

(3-7) PL ° h^-^ = (^L^) o V/ G F{N) . 

and 

(L^, o h) (p, o /.j = (p, o - (p^^ o fej 

In the next we build some examples of objects of the category GLA. 
Theorem 3.1 Let M G iMan^j and g,h e IsoM.an{M) be. Using the tangent 
W -morphism {Tg,g) and the operation 

r (TM, TM, M) X r (TM, TM, M) ) r (TM, TM, M) 

{u, v) ^ [u, v]j^M^i^ 

where 

v]TM,h = r (r (/i o g)-' , {h o 5)-l) ([r (T (/i o 5) , o 5) u, r (T (/i o 5) , /i o 5) ^;]^^) , 

for any u,v €T (TM, tm, M), we obtain that 

({TM, TM, M) , (Tg, g) , [, J^^ G |GLA| . 

For any Man-isomorphisms g and h we obtain new and interesting generalized 
Lie algebroid structures for the tangent vector bundle {TM,tm,M) . For any base 
{ta, a G 1, m} of the module of sections (F {TM, tm, M) ,+,■) we obtain the structure 
functions 

where 0^, z,q; G l,m are real local functions such that 

r{T{hog),hog) (U = ^L^ 

and dj, i, 7 G 1, m are real local functions such that 

T(T{hog)-\{hog)-^^ {£)=9]t,. 

In particular, using arbitrary basis for the module of sections and arbitrary isome- 
trics (symmetries, translations, rotations,...) for the Euclidean 3-dimensional space S, 
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/, = A V — 

Pa '^aPag^i, 



'a 



A"# ^ 



we obtain a lot of generalized Lie algebroid structures for the tangent vector bundle 

(rs,Ts,s). 

We assume that {{F, u, N) ,[,]p , {p, Mn)) is a Lie algebroid and let h G Man (A'", A'") 
be a surjective application. Let AJ^f be a vector fibred {n + p)-atlas for the vector 
bundle {F,h',N) and let AFtn be a vector fibred (n + n)-atlas for the vector bundle 

{TN,TN,N). 

If {U,^ij) G AFtn and (V, sy) G AJ^f such that U fl /t~^ {V) / ^, then we define 
the application 

T^^{unh-^{V))) {unh-^{v)) xM" 

(X,'U(X)) ^ (^)) • 

Proposition 3.1 T/te sei 

AFriv^= U {{ur\h-^{V),ljjr,h-r(y))} 

{U,iu)£AFTN, (V,sv)£ATf ' ^ 

is a vector fibred n + n-atlas for the vector bundle {TN,T]\f, N) . 
If X = X'^-£j eV {TN,TN, N) , then we obtain the section 

X = X'oh^eT{TN,TN,N), 

such that X (x) = X {h (x)) , for any x G [/ fl h"^ {V) . 

The set { g|j , ie l~fi} is a base for the T (iV)-module (L {TN,tn, N),+,-). 
Theorem 3.2 // we consider the operation 

r (F, z/, iV) X r (F, ly, N) ^'^'^''^ > T (F, ly, N) 

defined by 

[ta,ftp]pf^ = f (Ll^ohY^ + ploh^t^, 
[ft a, i/s] F,h ^ ~ [*/3 ' fta] F,h ' 

for any feF (AT) , then ((F, z/, AT) , [, ]^,^ , (p, Mn)) G |GLA| . 
The generalized Lie algebroid 

({F,v,N),l]p^^,{p,IdN)) 

given by the previous theorem, will be called the generalized, Lie algebroid associated 
to the Lie algebroid {{F,i',N),[,]p,{p,IdN)) and to the surjective application h G 
Man (A^, N) . 

In particular, if h = Idj^, then the generalized Lie algebroid 

(^{F,u,N),[,]p^j^^,{p,IdN)) 
will be called the generalized Lie algebroid associated to the Lie algebroid 

{{F,,y,N),[,]p,{p,IdN)). 
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3.1 The pull-back Lie algebroid of a generalized Lie algebroid 

Let (^{F,u,N),[,]p,,^,{p,ri)) be a generalized Lie algebroid. 

Let AJ-p be a vector fibred (n + p)-atlas for the vector bundle (F, N) and let 
AJ-TM be a vector fibred {m + m)-atlas for the vector bundle {TM,tm,M). 

Let {h*F,h*v,M) be the pull-back vector bundle through h. 

If {U,^u) e ATtm and (V, sy) e ATf such that U n h"^ {V) 7^ (f), then we define 
the application 

h*iy-\unh-\v))) {unh-Hv)) xRp 

Proposition 3.1.1 T/te set 

AFf=* U {(^:^n/i-i(F),%n/»-i(y))} 

c/n/i-i(v)7^</> 

is a vector fibred m, + p-atlas for the vector bundle {h*F, h*v, M) . 
If z = z"ta € r (F, v, N) , then we obtain the section 

Z = o /t) r„ G r {h*F, h*u, M) 

such that Z (x) = z{h (x)) , for any x E U H h~^ (V) . 

(h* F \ 
p jldMj be the W-morphism of {h*F,h*v,M) source and 

(TM,tm, M) target, where 

(3 11) ^^'^ 

Using the operation 

r {h*F, h*v, M)xT {h*F, h*u, M) ^'''^^^ > r {h*F, h*u, M) 

defined by 

[ra,/r^W =f{Ll,oh)T,+ {f^,oh)^T0, 

for any / € J-" (M) , it results that 

({h*F,h*v,M),[\.p,{^7jdM)) 

ia a Lie algebroid which is called the pull-back Lie algebroid of the generalized Lie 
algebroid {{F, N) , [, ]p^i^ , {p, 77)^ . 
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3.2 Interior Differential Systems 

Let (^{h*F,h*iy,M),[,]f^.p,(^^'p , Id-M^^ be the pull-back Lie algebroid of the generali- 
zed Lie algebroid (^{F, v, N) ,[,] p,^ , (p, r]fj . 

Definition 3.2.1 Any vector subbundle {E, tt, M) of the vector bundle {h*F, h*v, M) 
will be called interior differential system (IDS) of the generalized Lie algebroid 

({F,v,N),[,]p^^,{p,r^)). 

In particular, if /i = Id^ = rj, then any vector subbundle {E,Tr,N) of the vector 
bundle {F, v, N) will be called interior differential system of the Lie algebroid 

{{F,u,N),[,]p,,{p,IdN)). 
Remark 3.2.1 If {E,7r,M) is an IDS of the generalized Lie algebroid 

(^{F,u,N),[,]p,^,{p,r,)), 



then we obtain a vector subbundle (£^°,7r°,M) of the vector bundle yi*F,h*i',M 
such that 

r {E^, 7r°, M) ^= |q G r (^h*F, h*u, ■.n{s) = o, yser {e, tt, m)| . 

The vector subbundle [E^,'k^,M) will be called the annihilator vector subbundle of 
the IDS {E, TT, M) . 

Proposition 3.2.1 // (£', tt, M) is an IDS of the generalized Lie algebroid 

(^{F,u,N),[,]p^^,ip,rj)) 

such that T{E,Tr,M) = {Si,...,Sr), then it exists e''+\...,eP G T (^h*F,h*u,M^ 

linearly independent such that T (£;°,7r°,M) = (G^'+S ...,9^) . 

Definition 3.2.2 The IDS {E, tt, M) of the generalized Lie algebroid 

(^{F,u,N),[,]p^^,{p,^)) 

will be called involutive if [S, T]f^.p G T {E, tt, M) , for any S,Ter {E, tt, M) . 
Proposition 3.2.2 // {E, tt, M) is an IDS of the generalized Lie algebroid 

{F,u,N),[,]p^^,ip,rj) 

and {Si,...,Sr} is a base for the F {M)-submodule (F tt, M) , +, •) then {E,Tr,M) 
is involutive if and only if [Sa, Sb]f^*p G T {E, tt, M) , for any a, 6 G 1, r. 
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4 Exterior differential calculus 

Let (^{F,i^,N),[,]p,^,{p,ri)) be a generalized Lie algebroid. We denoted by (F, v, N) 
the set of differential forms of degree q. We remark that if 

A{F,iy,N) = ®A'i{F,i^,N), 

q>0 

then we obtain the exterior differential algebra (A (F, v, N) , +, A) . 
Definition 4.1 For any z eT {F, u, N), the appUcation 

A(F,z/,iV) — ^ A{F,iy,N) , 

defined by 

L, {f)=TiThop,ho7j)z{f), 

for any f £ F (N) and 

L^uj {zi, Zq) =r{Tho p,hor])z{uj {{zi, Zq))) 

-E'^ ((zi,-,[z,Zi]pf^,...,ZqU , 

1=1 ^ ^ ' ' 

for any oj € A'^ (F, v, N) and zi, ...,Zq G T (F, v, N) , is called the covariant Lie derivative 
with respect to the section z. 

Theorem 4.1 If z e T {F,u, N) , u e A? {F, u, N) and 9 e A"" {F, u, N), then 

(4.1) Lz{oj A0) = L^oj A0 + U1 ALz9. 
Definition 4.2 For any z eT {F, u, N), the application 

A{F,u,N) A{F,u,N) 
Ai {F, u,N)3oo ^ i;,co e A9-1 {F, u, N) , 

defined by izf = 0, for any / G F{N) and 

i^U {Z2, Zq) = U {Z, Z2, Zq) , 

for any Z2, ■■■,Zq G F {F, i/, N), is called the interior product associated to the section z. 

Theorem 4.2 If zeF {F, v, N), then for any w G A^ (F, u, N) and 6* G A'' (F, v, N) 
we obtain 

(4.2) iz{oj Ae)=izOJ A9 + {-lfuJ Mzd- 
Theorem 4.3 For any z,v E T{F,i/,N) we obtain 

(4.3) L^oiz-iz° Ly = i[z,v\py 

Theorem 4.4 The application 

Ai (F,z/,Ar) A«+i (F,i/,iV) 

Lo I — > duj 
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defined by d^ f (z) = T {Th o p^horj) {z) f, for any z eT {F, u, N) , and 

q 

d^Uj{zo,Zl,...,Zq) = {-ly T {Th O p, h O 7]) Zi [U {{Zo, Zl, Zi, Zq))) 

i=0 



+ {-'^y^^ {{[Zi, Zj]p,^ , Zq, Zl, Zi, Zj , Zgj] , 



for any zq, zi, Zq G T (F, v, N) , is unique with the following property: 

(4.4) L^ = d^oi^ + i^o d^, G r (F, z/, AT) . 

This application will be called the exterior differentiation operator for the exterior 
differential algebra of the generalized Lie algebroid ((F, i^, AT), [, j^^/j, {p,r])). 

Theorem 4.5 The exterior differentiation operator d^ given by the previous theorem 

has the following properties: 

1. For any a; G A« {F, i/, N) and 6 e {F, u, N) we obtain 

(4.5) d^ {oj ^e) = d^oJ ^e + {-lfuJ ^d^e. 

2. For any z € T (F, N) we obtain o d^ = d^ o L^. 

3. d^ od^ = 0. 

Theorem 4.6 (of Maurcr-Cartan type) 

// {{F,v,N),[,]p^h,{p,r])) is a generalized Lie algebroid and d^ 
is the exterior differentiation operator for the exterior differential F{N)-algebra 
{A^FjV, N),+, ■, a), then we obtain the structure equations of Maurer-Cartan type 

(Ci) d^f" = -\L%t^ A t\ a(.T^ 

and 

(C2) d^x^ = 0", ?e V^, 

where {i",a G is the coframe of the vector bundle {F,u,N). 

This equations will be called the structure equations of Maurer-Cartan type associa- 
ted to the generalized Lie algebroid (j^F, f, N) ,[,]pf^, (p, rjfj . 

Proof. Let a G l,p be arbitrary. Since 

dn^{t^,ty) = -L'^^, vatgt;^ 

it results that 



(1) CL^t- = -l.^h 



Since L^^ = —L"^^ and KV = —V A t^ , for nay /3, 7 G it results that 



(2) E^^/An=iL^/At^ 



^<7 
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Using the equalities (1) and (2) it results the structure equation (Ci). 

Let z G l,n be arbitrarily. Since d^>c^{ta) = 0]^, for any a G l,p, it results the 
structure equation (C2 ) . q.e. d. 



Corollary 4.1 // ( M) , [, ]^,^ , ff , IdM ) ) is the pull-back Lie algebroid 



associated to the generalized Lie algebroid ^(F, i^, N) ,[,]pfj_, (p, ri)j and d'' ^ is the exte- 
rior differentiation operator for the exterior differential (M) -algebra 
{A(h*F,h*iy,M) ,+,-,A), then we obtain the following structure equations of Maurer- 
Cartan type 

[C'l) d'^'^T'^ = (L^^ oh)T'' AT\ aei;^ 

and 

(C^) d'^'^'x' = [ff^ o /t) r°, ie T^m. 

This equations will be called the structure equations of Maurer-Cartan type associated 
to the pull-back Lie algebroid 

((h*F,h*i^,M) ,{^J JdM)) . 

Theorem 4.7 (of Cartan type) Let {E, tt, M) be an LDS of the generalized Lie 
algebroid (^{F, v, N) , [, j^.^ , {p-,rj)^ . Lf {0''+^, is a base for the F {M)-submodule 
(r i^E^ , 7r°, M) ,+,•), then the LDS {E, tt, M) is involutive if and only if it exists 

e {h*F, h*u, M), a, /3 G r-\-l,p 

such that 

d^*^Q- = S^eTOJ^^ A G X (r {E\ tt", m) ) . 

Proof Let {^i, Sr} be a base for the T (M)-submodule (L {E, tt, M) , +, •) 
Let {Sr+i, Sp} G T {h*F,h*u,M) such that {Si, S'r, S^+i, S'p} is a base for 
the F (M)-module 

(r(rF,/iV,M),+,.). 

Let e^...,e'■ G r (^h*F,h*u,M^ such that {e^ e^ e''+\ 9^} is a base for 
the T (M)-module 

/ / * * \ 
r h*F,h*i^,M] ,+,• 



For any a,b € 1, r and a, /3 G r + 1, p, we have the equalities: 





(St) 


= St 


Qa 


(Sp) 


= 


G" 


is,) 


= 


Qa 




— A" 



We remark that the set of the 2-forms 

{e" A e^ 6" A e^, a e'^, a,b eT~P Aa,(3 e r + l,p} 
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is a base for the T (M)-module (A^ {h*F, h*v, M) ,+,-). 
Therefore, we have 

(1) d^*^Q'^ = ^b<cAtcO'' A + S6,^s^e^ A + s^<^c^^e^ a 

where, A'^^,B^^ and C^^, a,b,c G l,r, a,/?, 7 G r + l,p are real local functions such 
that A-^ = -A% and C^^ = -C^^. 
Using the formula 

d^'P@"{S,,S,) =T{^JjdM)Si,{Q'^{S,))-v{^J,IdM)s,{Q'^{S,)) 
we obtain that 

(3) A^, = -e°([56,5eW), 

for any 6, c G 1, r and a G r + 

We admit that {E,Tr,M) is an involutive IDS of the generalized Lie algebroid 

((F,z.,Ar),[,]p,^,(p,r?)). ^ 

As [Sb, Scli^.p G r {E, TT, M) , for any 6, c G T;r, it results that 6° ([5^, 5c]^.^) = 0, 
for any 6, c G l,r and a G r + Therefore, for any 6, c G l,r and a G r + we 
obtain A'^^ = and 

= (fi^e'' + ic|^e^) A e^. 

As 

B^e^ + ]f1^Q^ G A^ /iV, M) , 

for any a, /3 G r + it results the first implication. 
Conversely, we admit that it exists 

G A^ {h*F, h*v, M), a,Pe r + l,p 

such that 

(4) d'^^^e" = A 

for any a G r + 

Using the affirmations (1) , (2) and (4) we obtain that A'^^ = 0, for any 5, c G l,r 
and a G r + 

Using the affirmation (3), we obtain Q"' {[Sb, Sc]j^*p) = 0, for any 6, c G l,r and 

a G r + 

Therefore, we have [Sb, >S'c]/j»p G F {E, n, M) , for any 5, c G 1, r. 

Using the Proposition 3.2.2, we obtain the second implication. q.e.d. 

If {{^F' , v' , N') , [, ]p, f^, , (p', r]')^ is an another generalized Lie algebroid and (Pq) 
is a GLA-morphism of 

(^{F,u,N),[,]p,^,{p,r,)) 
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source and 

((F',i.',iV'),[,]^,,,,(p',V)) 
target, then obtain the apphcation 

where 

(po)* (21, Zq) = J (r ((^, (^0) (2:1) , r ((^, (^0) (^9)) , 

for any zi, Zq^V (F, z/, A^) . 

Theorem 4.8 // ((^, (^q) GLA-morphism of 

((F,i.,iV),[,]p^^,(p,r/)) 

source and 

[{F',u',N'),[,]^,^^,,{p',r,')) 

target, then the following affirmations are satisfied: 

1. For any J G A« (F', i/', AT') anc? B' G A'' (F', i/', N') we obtain 

(4.13) (yp, v^o)* l'^' A 0') = ^oT ^' A (V', V'o)* 

2. For any zer (F, z/, AT) and G A« (F', 2/', AT') we obtain 

(4.14) (((^, (Pq)* oj') = {(p, (Pq)* (v(^)w') . 

3. If N = N' and {Th o p, h o rj) = {Th' o p', h' o rj') o [cp, (p^) , then we obtain 

(4.15) {^,vorod^' =d^o{^,^^y. 

4.1 Exterior Differential Systems 

Let (^{h*F,h*iy,M),[,]f^.j,,(^^p^,IdM)) be the puh-back Lie algebroid of the generah- 

zed Lie algebroid (^(F, i^, N) , [, J^,^ , (p, rjj^ . 

Definition 4.1.1 Any ideal {!,+, •) of the exterior differential algebra of the pull- 
back Lie algebroid (^{h*F, h*v, M) , [, ]^,^ , (^ff, Mm^ j closed under differentiation op- 
erator ^ , namely d'^ C I, will be called differential ideal of the generalized Lie 
algebroid {{F, N) , {p, r])^ . 

In particular, if /i = IdN = rj, then any ideal (X, +, •) of the exterior differen- 
tial algebra of the Lie algebroid ((F, UjN) ,[,]p , {p, Mm)) closed under differentiation 
operator d^ , namely d^X C X, will be called differential ideal of the Lie algebroid 
{{F,v,N),l]p,{p,IdM)). 

Definition 4.1.2 Let (X, + , •) be a differential ideal of the generalized Lie algebroid 

{^{F, v, N) , [, ]p^f^ , (p, r?) j or of the Lie algebroid ((F, z/, A^) ,[,]p, {p, IdM)) respectively. 
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If it exists an IDS {E, vr, M) such that for all G N* and w G X n A'' {h*F, h*u, M) 
we have u {u\, Uk) = 0, for any ui, tifc G F {E, tt, M) , then we will say that (Z, +, •) 
is an exterior differential system (EDS) of the generalized Lie algebroid 

((F,z.,iV),[,]^,,(p,r/)). 

In particular, if /i = Idjy = rj and it exists an IDS (E, tt, M) such that for all G N* 
and u! G ICiA^ {F, u, M) we have oj (tii, Uk) = 0, for any ui, Ufc G F tt, M) , then 
we will say that (X, +, •) is an exterior differential system (EDS) of the Lie algebroid 
{{F,u,N),[,]p,{p,IdN)). 

Theorem 4.1.1 (of Cartan type) The IDS {E,7r,M) of the generalized Lie al- 
gebroid (^{Fjh', N) ,[,]p , (p,r])^ is involutive, if and only if the ideal generated by 
the F {M)-submodule (F (E^, 7r°, M) , +, •) is an EDS of the generalized Lie algebroid 
((F,z.,iV),[,]^,,(p,7?)). 

Proof. Let tt, M) be an involutive IDS of the generalized Lie algebroid 

Let {Q'+^,...,eP] beabasefor the J^(M)-submodule (F (£;°,7r°,M) ,+, •) . 
We know that 

Z(F(^0,7r°,M)) = UggN {J^a A 9", C Ai{h*F,h*u,M)}. 

Let g G N and {ilr+i, ^p} C A*? ih*F, h*iy, M) be arbitrary. 
Using the Theorems 4-5 and ^.l we obtain 

As 

d^*^\l^ + (-1)'?+^ A G A«+2 /iV, M) 

it results that 

d'^*-^ (O/jAe'^) GX(F(E0,7r°,M)) 

Th6r6for6 

«!^*^X(r(sO,7rO,M)) CX(F(^o,7rO,M)). 
Conversely, let {E,'k,M) be an IDS of the generalized Lie algebroid 

such that the F (M)-submodulc (X (F 7r°, M)) , + , •) is an EDS of the generalized 
Lie algebroid (^{F, N) , [, ]^,^ , (p, r/)) . 

Let {e'^+\ e^} be a base for the F (M)-submodule (F {E^, tt^, M) ,+,•). As 
d'^'^X (F (^0, 7r°, M)) C X (F (^0, 7r°, M)) 
it results that it exists 

G A^ {h*F, h*u, M) , a, /3 G r + l,p 

such that 

d'^^^e" = S^eTOJ^^ A G X(F (£;°,7rO,M)) . 
Using the Theorem ^.7, it results that {E,Tr,M) is an involutive IDS. q.e.d. 
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Abstract 

The category of generahzed Lie algebroids is presented. We obtain an exterior 
differential calculus for generalized Lie algebroids. In particular, we obtain similar 
results with the classical and modern results for Lie algebroids. So, a new result of 
Maurer-Cartan type is presented. Supposing that any vector subbundle of the pull- 
back vector bundle of a generalized Lie algebroid is called interior differential system 
(IDS) for that generalized Lie algebroid, a theorem of Cartan type is obtained. 
Extending the classical notion of exterior differential system (EDS) to generalized 
Lie algebroids, a theorem of Cartan type is obtained. Using the theory of linear 
connections of Ehrcsmann type presented in the paper [1] , the identities of Cartan 
and Bianchi type are presented. 
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1 Introduction 

Using the notion of generahzed Lie algebroid introduced in the paper [1] we present the 
category of generalized Lie algebroids. In the framework of Lie algebroids (see [2]) we 
know the following 

Theorem (of Maurer-Cartan type) // ((F, i/, iV), [, ]f, (p, /(ijv)) is a Lie algebroid 
and d^ 
is the exterior differentiation operator of the exterior differential J-{N)-algebra 
{A(F,i>,N),+,-,A), then we obtain the structure equations of Maurer-Cartan type 

(Ci) d^f^ = -^L'^^t^ A tT, a G T;^ 

and 

(C2) d^x' = pi^f^, i G T^, 

where [t",a G is the coframe of the vector bundle {F,v,N). 

These equations arc called the structure equations of Maurer-Cartan type associated 
to the Lie algebroid {{F, N) , [, ]^ , (p, Mn)) ■ 

In this paper we present an exterior differential calculus for generalized Lie alge- 
broids. In particular, we obtain similar results with the classical results for Lie alge- 
broids. (see: [4,8,9]) A new result of Maurer-Cartan type is presented. 

We know (see [2]) that an interior differential system (IDS) of an Lie algebroid 
((F, v, N) ,[,]p , {p, Idj^)) is a vector subbundle {E, ir, N) of the vector bundle {F, ly, N). 
The IDS {E, tt, N) is called involutive if [S, T]p G T {E, tt, N) , for any 5, T G T {E, tt, N) . 
If {E, TT, M) is an IDS of the Lie algebroid 

i{F,u,N),l]p,{p,IdN)), 

then we obtain a vector subbundle [E^, 7r°, iV) of the dual vector bundle ^F, u, so 
that 

r(F0,7r°,iV)^= |oGr(^F,^,Ar^ ■.n{S) = o, \/S eT{E,TT,N)Y 

The vector subbundle (^E^,Tr^,N^ is called the annihilator vector subbundle of the 
IDS (F,7r,iV). 

A characterisation of the involutivity of an IDS (see [2]) is presented in the following 
Theorem (of Cartan type) Let {E, tt, N) be an IDS of the Lie algebroid 

{{F,u,N),[,]p,,{p,IdN)). 

If {e''+\...,@P} is a base of the F {N)-submodule (L (F^, 7r°, iV) , +, •) , then the 
IDS {E,7r,N) is involutive if and only if it exists 

nieA^{F,iy,N), a,/3Gr + l,p 

so that 

d^e" = s^eTO^^^ A G X (r (f", tt^, n)) . 
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In this paper we extend the notion of IDS for generahzed Lie algebroids and we 
characterized the involutivity of an IDS in a new theorem of Cartan type. 

The classical notion of exterior differential system (EDS) was studied in many pa- 
pers, (see: [3, 5, 6, 7]) A new point of view in the framework of Lie algebroids is presented 
in the paper [2] . 

Any ideal (Z, +, •) of the exterior differential algebra of the Lie algebroid 

{{F,u,N),l]p,{pJdM)) 

closed under differentiation operator , namely d^X C X, is called differential ideal. 
If (X, +,•) is a differential ideal of the Lie algebroid ((F, z/, A/") , [, ]p , (p,7dAr)) so that 

it exists an IDS {E,'it,N) so that for all k £ W and u € X r\ {F,v,N) we have 
oj {ui, ...,Uk) = 0, for any ui,...,Uk G T{E,7r,N), then we say that (X, +,•) is an 
exterior differential system (EDS) of the Lie algebroid {{F, v, N) ,[,]p , (p, Idiy)) ■ 
In the paper [2] is presented the following 

Theorem (of Cartan type) The IDS {E, tt, N) of the Lie algebroid 

{{F,u,N),[,]p,,{p,IdN)) 

is involutive, if and only if the ideal generated by the T {N)-submodule (T [E^, tt", A) , +, •) 
is an EDS of the Lie algebroid {(F,h',N) ,[,]p ,{p,IdN)) . 

In this paper we extend the notion of EDS to generalized Lie algebroids. The 
involutivity of an IDS in a theorem of Cartan type is characterized. Finally, using the 
theory of linear connections of Ehresmann type presented in the paper [1], the identities 
of Cartan and Bianchi type emphasize the utility of the exterior differential calculus for 
generalized Lie algebroids. 

2 The category of generalized Lie algebroids 

In general, if C is a category, then we denote \C\ the class of objects and for any 
A, Be \C\, we denote C {A, B) the set of morphisms of A source and B target. Let Vect, 
Liealg, Mod, Man and B"^ be the category of real vector spaces, Lie algebras, modules, 
manifolds and vector bundles respectively. 

We know that if {E, vr, M) G |B^| , L {E, tt, M) = {u G Man {M,E) -.uo-k = Idu] 
and F{M) = Man(M,]R), then (F (£;,7r, M) , +, •) is a J" (M)-module. If (<^,<y9o) G 
B'*' {{E, TT, M) , {E', tt', M')) such that ip^ G isoMan {M, M') , then, using the operation 

F{M)xV{E'y,M') T{E',n',M') 
{f,u') ^ fo^^'-u' 

it results that (F {E', tt', M') , +, •) is a J" (M)-module and we obtain the Mod-morphism 

F(£;,7r,M) '^^'''''"^ ) V{E',t:',M') 

U I > F((^,<y9o)« 

defined by 

for any y G M' . 
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We know that a Lie algebroid is a vector bundle {F^VjN) G |B"^| such that there 
exists 

{p, Mn) G B- ((F, z/, N) , (TN, TN,N)) 

and an operation 

T{F,u,N)xT{F,iy,N) ^ r{F,iy,N) 
{u,v) I — > [u,v]p 

with the following properties: 
LAi. the equality holds good 

[u,f ■v]p = f[u,v]p + r {p, IdN) iu) f ■ V, 
for ah u,veT {F, v, N) and f e T (N) , 
LA2. the 4-tuple (F (F, ly, N) , +, •, [, ]p) is a Lie T (iV)-algebra, 

LA^. the Mod-morphism r{p,IdN) is a LieAlg-morphism of {F {F,u,N) 
source and (F {TN, tn, N) , +, •, [, J^jy) target. 

Definition 2.1 Let M,N e |Man| , /i G /soMan (M, N) and 77 G /soMan {N, M). 
If (F, z/, N) G IB'^I so that there exists 

(p, 77) G B- ((F, z/, AT) , (TM, tm, M)) 

and an operation 

r (F, i^, A^) X r (F, u,N) ^ r (f /a n) 

with the following properties: 

GLAi. the equality holds good 

[^*' / • ^]F,h = f ^]F,h + ^{Tho p,hor)) (n) / • v, 

for all n, G r (F, u, N) and f e T (N) . 

GLA2. the 4-tuple (^L (F, z/, A^) , + , •, [, ]p,^^ is a Lie (A^)-algebra, 
GLA^. the Mod-morphism F [Th o p, /i o 77) is a LieAlg-morphism of 

(F(F,z.,Ar),+,.,[,]^,^) 

source and 

(F (TAT, riv,iV), +,-,[, 
target, then we will say that the triple ^(F, i/, A^) , [, , (p, ry)^ is a generalized Lie 

algebroid. The couple ( [, ]^^, {p,v)) will be called generalized Lie algebroid structure. 
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Definition 2.2 We define the set of morphisms of 

(^{F,u,N),[,]^,^,{p,rj)) 

source and 

((F',^',Ar'),[,]^,,,,(p',V)) 

target as being the set 

{{ip,^o)^'B''mu,N),{F',i.',N'))} 

such that ^ -^•soMan (-^j and the Mod-morphism T (cp, cpq) is a LieAlg-morphism 
of 

(r(F,z.,Ar),+,.,[,]^.,) 

source and 

(r {F',u',N'),+,;[,]j,,^^,) 

target. 

So, we can discuss about the category GL A of generalized Lie algebroids. Examples 
of objects of this category are presented in the paper [1] . We remark that GLA is a 
subcategory of the category B'*^. 

Let (^{F,iy,N),[,]j,f^,{p,ri)) be an arbitrary object of the category GLA. 

• Locahy, for any a, f3 £ l,p, we set [ia,i/3]^/j = L'^^t^y. We easily obtain that 
Ll^ = for any a,P,j e I, p. 

The real local functions L^^p-, a,/?, 7 G l,p will be called the structure functions of 
the generalized Lie algehroid ^(i^, N) , [, , (p, • 

• We assume the following diagrams: 

F — ^ TM — TAT 

N — ^ M — ^ N 

{x\z'^) {x\y') {x',z^) 



where i, z G 1, m and a G l,p. 
If 

and 
then 

4, — ^^a^ ' 



and 



-1/ _ 92^!. 
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• We assume that {0, /x) = {Th o p, /t o 77). If z°^ta G F {F, u, N) is arbitrary, then 

TiThop,ho r]) fihoT] (x)) = 

for any f e T {N) and x G iV. 
The coefficients respectively change to p^- respectively 0^- according to the 



rule: 






(2.2) 






respectively 






(2.3) 


€■= 




where 


IIA^-II 


, -1 

= A" 

a 



Remark 2. 1 The following equalities hold good: 



(2.4) ,.o.^=(c|^)oft,V/..F(A.). 

and 

[La, ° h) (p, o h) = (p, o h) - (p^, o h) 



3 Interior Differential Systems 

Let ({F,v,N),l]pf^,{p,r])) be an object of the category GLA. 

Let ATf be a vector fibred (n + p)-atlas for the vector bundle (F, i^, N) and let 
,4J-'tm be a vector fibred (m + m)-atlas for the vector bundle {TM,tm,M). 

Let {h*F,h*v,M) be the pull-back vector bundle through h. 

If {U,^u) G AT^TM and {V, sy) € ^J^f such that U fl {V) / ^, then we define 
the application 

h*v-\ur\h-\v))) {ur\h-\v)) xW 

(x,z(/i(x))) I J- {^^^tvMxf 

(/i(x))). 

Proposition 3.1 T/te set 

AFf''= U {(t^n/i-i(F),s-t;n^-i(v'))} 

{/nh-i(y)7^(/) 

is a vector fibred m + p-atlas for the vector bundle {h*F, h*v, M) . 
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If z = z°'ta € r {F, V, N) , then we obtain the section 

Z = {z'^oh)TaeT {h*F, h*u, M) 
such that Z (x) = z{h {x)) , for any x € U (1 h"^ (V) . 

(h* F \ 
p jIdMj be the 'B^ -morphism of {h* F,h*v,M) source and 

{TM,tm, M) target, where 

h'F 

(3 1) ^ 

Z-T^ix) ^ (Z" . p> /.) A (^) 

Using the operation 



r {h*F, h*v, M) X r {h*F, h*u, M) ^'^''"^ > r {h*F, h*u, M) 

defined by 



(^•2^ [Ta,fTp]n*F =f[Ll^oh)T,+ {(^^oh)^Tp, 

[fToi 5 fi*F ~ ~ ["^/^ ' /-^a] h*F ^ 

for any f & (M) , it results that 

({h*F,h*v,M) X\.p,{^J ,IdM)) 

is a Lie algebroid which is called the pull-back Lie algebroid of the generalized Lie alge- 
broid ({F,u,N)X\pf^,{p,ri)) . 

Definition 3.1 Any vector subbundle {E,Tr,M) of the pull-back vector bundle 
(h* F, h*u, M) will be called interior differential system (IDS) of the generalized Lie 
algebroid 

[{F,u,N),[,]p,^,{p,rj)). 

In particular, if /i = Id^ = r], then we obtain the definition of the IDS of a Lie 
algebroid. (see [2]) 

Remark 3.1 If {E,Tr,M) is an IDS of the generalized Lie algebroid 

(^{F,u,N),[,]p^,^,{p,n)), 

h*F, h*^, M 
such that 

r 7r°, M) ^= |q G r (h*F, h*iy, : O (5) = 0, VS G L {E, tt, M) | . 

The vector subbundle (£'°,7r°,M) will be called the annihilator vector subbundle of 
the IDS {E,7r,M). 



7 



Proposition 3.1 // {E,tv,M) is an IDS of the generalized Lie algebroid 

[{F,u,N),[,]^^^,{p,n)) 

such that T{E,Tr,M) = {Si,...,Sr), then it exists @''+^,...,@p G T (h*F,h*iy,M^ 

linearly independent such that T tt*^, M) = , ...,QP^ . 

Definition 3.2 The IDS {E,Tr,M) of the generalized Lie algebroid 

[{F,u,N),l]^,^,{p,n)) 

will be called involutive if [S, T]f^tp € L (E, vr, M) , for any S,T €T [E, vr, M) . 
Proposition 3.2 // {E, tt, M) is an IDS of the generalized Lie algebroid 

((F,z.,Ar),[,]^^^,(p,,?)) 

and {Si, Sr} is a base for the F {M)-submodule (F (£■, vr, M) , +, •) then {E^-k^M) 
is involutive if and only if [Sa, >S'6]^*^ G T {E, tt, M) , for any a,b € 1, r. 

4 Exterior differential calculus 

We propose an exterior differential calculus in the general framework of generalized Lie 
algebroids. As any Lie algebroid can be regarded as a generalized Lie algebroid, in 
particular, we obtain a new point of view over the exterior differential calculus for Lie 
algebroids. Let ((F, u, N) , [, , {p, 7?)) G |GLA| be. 

Definition 4.1 For any g G N we denote by (S^, o) the permutations group of the 
set {l,2,...,q} . 

Definition 4.2 We denoted by A*? (F, u, N) the set of g-linear applications 

r{F,iy,Ny F{N) 

{zi,...,Zq) I > U:{zi,...,Zq) 

such that 

u = sgn{a) • w (zi, Zg) 

for any zi, 2g € F (F, v, N) and for any a G Sg. 

The elements of A^ (F, N) will be called differential forms of degree q or differential 
q- forms. 

Remark 4-1 If w G Ai{F,u,N), then oo {zi, z, z, ...Zq) = 0. Therefore, if a; G 
Ai {F,u,N), then 

UJ {Zl, Zi, Zj, ...Zq) = —UJ [zi, Zj, Zi, ...Zq) . 

Theorem 4.1 If q e N , then (A« (F, i^, N) ,+,■) is a F {N)-module. 
Definition 4.3 If w G A'^ (F, ly, N) and 6' G A*" (F, ly, N), then the {q + r)-form luAO 
defined by 

U Ae{zi,...,Zq+r) = E Sgn{a)u){z^i^i),...,Z^^q))e {z^(^q+i),...,Z„(^q+r)) 

a{l)<...«7{q) 
<T(q+l)<...«r(g+r) 

= -r:y E sgn{a)uj{z^^i),...,z^^g))9{z^^q+i),...,z^^q+r)) , 
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for any zi, Zq^r G T {F, N) , will be called the exterior product of the forms oj and 9. 
Using the previous definition, we obtain 
Theorem 4.2 The following affirmations hold good: 

1. // w G Mi {F, V, N) and 9 e (F, v, N), then 

(4.1) uJ^9 = {-lY■'9^u. 

2. For any a; G A« (F, v,N),9 eM" {F, v, N) and r? G A* {F, v, N) we obtain 

(4.2) {uj ^9) ^r| = uj ^{9 ^r]) . 

3. For any 6* G A« (F, u, N) and rj e {F, v, N) we obtain 

(4.3) {uj + 9)Ari = ojAri + 9Ari. 

4. For any w G A^ {F, v, N) and 9,ri e A" (F, u, N) we obtain 

(4.4) uj A{9 + ri) = uj A9 + 0J Ar]. 

5. For any f eT{N),oo e A« (F, u, N) and 6* G A* {F, u, N) we obtain 

(4.5) {f-uj)A9 = f-{ojA9) = ujA{f-9). 
Theorem 4.3 // 



then 



A{F,u,N) = © A9(F,z/,iV), 

q>0 



{A{F,,y,N),+,;A) 



is a T (N) -algebra. This algebra will be called the exterior differential algebra of the 
vector bundle (F, N) . 

Remark 4-2li {t", a G l,p} is the coframe associated to the frame {i^, a G l,p} 
of the vector bundle {F, u, N) in the vector local (n + ;j)-chart U, then 



A ... A {zfta, z^ta) = h det 



for any q € l,p. 

Remark ^.5If {t°', a G l,p} is the coframe associated to the frame [ta, a G l,p} 
of the vector bundle (F, z^, A^) in the vector local (n + p)-chart U, then, for any g G l,p 
we define Cp exterior differential forms of the type 

A... At"« 

such that 1 < ai < ... < Oq < p. 
The set 

A ... A t""!, 1 < ai < ... < aq < p} 
is a base for the T (Ar)-module 



(A« (F,i.,iV),+,. 
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Therefore, ii to e {F, u, N), then 

LO = COa,...a,t'^' ^-/^f^'- 
In particular, if co is an exterior differential p-form u, then we can written 

CO = a-t^ A ... AtP, 

where a e T (N) . 
Definition 4.4 If 

= C^ai...a,t"i A ... A t"" G A1 {F, u, N) 

such that 

for any 1 < ai < ... < < p, then we will say that the q-form co is differentiable of 
-class. 

Definition 4.5 For any z G T (F,iy,N), the J-" (A^)-multilinear application 

A(F,z/,7V) — ^ A{F,iy,N) , 

defined by 

L,{f) = T{Thop,ho7j)z{f), V/G.F(iV) 

and 

LzUj{zi,...,Zq) =r {Tho p,hori) z{uj{{zi,...,Zq))) 

q 



X^o; (^(^zi,...,[z,Zi]p,^,...,Zg^^ 



for any to € A'^ [F,iy,N) and zi,...,Zq € T (FjVjN) , will be called the covariant Lie 
derivative with respect to the section z. 

Theorem 4.4 If z e T {F,u, N) , co e A« {F, u, N) and 6 e A"" {F, u, N), then 

(4.6) (a; A 6*) = L^u AO + loA L^O. 

Proof. Let zi,...,Zqj^r G ^{F.,v,N) be arbitrary. Since 

Lz (W A 9) (Zi, Zq+r) = r (T/l o p,hor]) Z{{UJ A 9) {Zi, Zq+r)) 
q+r 



-f; A6') (^(^Zi,...,[z,Zi]p^i^,...,Zq+r)) 
( 



T{Tho p,hor])z Yl sgn{a) ■u{z^(^i),...,z^(^q)) 

a{l)<...<a{q) 
\(j{q+l)<...<(j{q+r) 

(^9+1)' -'^^(9+0)) - E (-^ A6I) (izi,...,[z,Zi\p^^,...,Zq+r 

i=l 

X; S5n(cr) •r(r/iop,/io77)^;(a;(^;<,(i),...,2;<,(g))) 

(T(l)<...<fT(g) 
a{q+l)<...<a{q+r) 

■0 {Za{q+1), Za(q+r)) + E Sf?^ (f^) " ^ (^^(l), 2(t(9)) 

a(l)<...<o-(q) 
a{q+l)<...<a{q+r) 

•r (T/l op,/i 077) 2(6' (2:^(5+1),..., ) - 

<7(l)<...«7(g) 
a{q+l)<...<a{q+r) 
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q+r 

E sgn{a) E ^ (m^)^ Mi)) 

(t(1)<...<ct((j) j=qH-l 
aiq+l)<...<cr{q+r) 

(^cr(5+l)) •••) [z, Za{i)] p y^ , ^(T(q+r)) 

= E (2:^(1),..., 

a{l)<...<a(q) ^ ' ^ 

o-(g+l)<...<cr(g+r) 

q+r 

■G{Za{q+l),-,Za{q+r)) + E §5" (o") E (^1) ' 

(j{l)<...<a{q) i=q+l 
(T{q+l)<...<(T{q+r) 

■LzO (^Z^(q+1), [z, Za{i)] p f^ ; Za(q+r)j 
= {LzOJ AO + UJ A Lz9) {Zl, ^g+r) 

it results the conclusion of the theorem. q.e.d. 
Definition 4.6 For any 2; G T (F, 1/, N), the (iV)-multilinear application 

A (F, u, N) A (F, V, N) 

Ai {F, u,N)3u ^ G A«-i (F, N) , 

where 

i^w (2:2, Zg) = a; {z, Z2, Zq) , 

for any Z2,---,Zq G T {F,!^, N), will be called the interior product associated to the 
section z. 

For any / G T{N), we define izf = 0. 

Remark 4-4 H z e T {F,i/, N) , uj £ {F,u, N) and U is an open subset of N such 
that = or up = 0, then {izU})^ = 0. 

Theorem 4.5 If zeT (F, z/, AT), i/ten for any a; G A« (F, i/, N) and 9 e A"" (F, z/, N) 
we obtain 

(4.7) Z2(a; A6I) = i^w A6'+ (-l)'^w Ai26'. 

Proof. Let zi, Zq+r £ r (F, A'") be arbitrary. We observe that 

izi ("^ A 9) {Z2, Zq+r) = {uJ A 9) {zi, Z2, Zg+r) 

o-(l)<...<(T(g) 
CT(q+l)<...<CT(g+r-) 

= E Sgn{a) ■ U {zi,Z^(^2),-,Z^{q)) ■ 9 {z^{q+l),...,Z^(^q+r)) 

l=<T(l)<cr(2)<...<<T(g) 

CT(?+l)<...<CT(g+r-) 

+ E Sgn{a)-Uj{z^(^i),...,Z^^q-j) ■9{zi,Z^^q_^_2),...,Z^^q+r)) 

a{l)<...<a(q) 

l=<T{q+l)<ar{q+2)<...<cr{q+r) 

= E Sgn (a) ■ i^^LO {z„i^2), ■■; Za{q)) ■ 9 {Za{q+l), ^^(g+r)) 

a{2)<...<a{q) 
a{q+l)<...<a{q+r) 

+ E Sgnia)-Uj{z^^^),...,Z„^g)) ■izi9{z„(^g^2),-;Za(q+r)) ■ 

a(l)<...<a{q) 

cT{q+2)<...<a{q+r) 
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In the second sum, we have the permutation 



a 



1 ... q q + 1 q + 2 ... q + r 
(7(1) ... a {q) 1 cr(g + 2) ... a {q + r) 



We observe that a = t or', where 

1 2 ... q+1 q + 2 ... q + r 
1 a{l) ... a{q) a + 2) ... a {q + r 

and 

1 2 ... q q+1 q + 2 ... q + r 

2 3 ... q + 1 1 q + 2 ... q + r 



t' 



Since r (2) < ... < r (g + 1) and r' has q inversions, it results that 

sgn [a) = {-i f ■ sgn (r) . 

Therefore, 

izi (w A e) {Z2, Zq+r) = few A 6) {Z2, Zq+r) 

+ (-!)" E Sgn{T) ■U}{Zr^2),-,Zr{q)) ■iziO{Zr{q+2),-,Zr{q+r)) 

T(2)<...<T(q) 
T{q+2)<...<T{q+r) 

= {iz^uj A e) {z2, Zq+r) + (-1)'^ (w A i^^^O) {z2, 2;^+^) • 

Theorem 4.6 For any z, t; G F {F, u, N) we obtain 
(4.8) L„ oz^ -i^ oL„ = 

Proof. Let w G (F, z/. A'') be arbitrary. Since 

iz {LyUj) {Z2, ...Zq) = LyU {Z, Z2, ...Zq) 

= r {Th op,hor])v{LO {Z, Z2, Zq)) - UJ (^[V, Z]p^f^ , Z2, Zq^ 
-Y^OJ ((z,Z2,...,[v,Zi]pf^,...,Zq 



q.e.d. 



1=2 

1 



r{Tho p,hori)v{izUj{z2,...,Zq)) - Y.iz<^ (z2,...,[v,Zi]pi^,...,Zq) 

1=2 ^ ' ^ 

i[v,z]j, {Z2, -, Zq) = {izU)) - i[v,z\p^^ {Z2, Zq) , 



for any Z2,...,Zq £ T {F,i^,N) it result the conclusion of the theorem. q.e.d. 
Definition 4.7 If / G {N) and z G F {F, u, N) , then we define 

d^f{z)=r{Thop,hor^) {z)f. 

Theorem 4.7 The {N) -multilinear application 

A"? {F,iy,N) A«+i {F,iy,N) 

CO I — > dw 
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defined by 



Q 

(jj{zO,Zl,...,Zq) = Yl {-ly T [Th O p,h O rj) Zi [U {{zq, Zl, Zi, Zq))) 
1=0 



+ E {-'^y^^ ^ ( (N> Zj] F,h ' ^0, Zi, Zi, Zj, Zgjj 



for any zo, zi, Zq G T [F, v, N) , is unique with the following property: 

(4.9) L^ = d'' oi^ + i^o d^, MzeT (F, u, N) . 

This F (Ar)-multilinear application will be called the exterior differentiation operator 
for the exterior differential algebra of the generalized Lie algebroid {{F, v, N), [, ]F,hj {Pi v))- 
Proof. We verify the property (4.9) Since 

{izo ° d^) ^ {Zi, Zq) = duj [zq, Zi, Zq) 
Q 

= Yl {-iyT{Tho p,hori)zi{uj{zo,zi,...,Zi,...,Zq)) 

+ E i-'^)'^^ ^ ([zi,Zj]p,f^,Zo,Zi,...,Zi,...,Zj,...,Zq) 

0<i<j ^ ' ' 

= r (Th o p,hor])zo {uj (zi, Zq)) 

+ E (-1)* r {Th o p,hor])zi (w (zq, zi, Zi, Zq)) 

i=l 

1=1 ^ ' ^ 

+ E i-'^)'^^ ^ [[Zi,Zj]p,f^,Zo,Zi,...,Zi,...,Zj,...,Zq) 
l<i<j ^ ' ' 

= r {Th op,hor])zo (w (zi, Zq)) 



-J2^ (zi,-, [zo,Zi]pf^,...,Zq) 

i=l 



1= 
1 

-E (-1)' T{Tho p^hor])zi{i^^u){{zi,...,Zi,...,Zq))) 

1=1 

— ^ ("1) '^zo'^ \ \[Zi, Zj]p , Zi, Zi, Zj , Zq 

l<i<j 

= {Lzo -d^ O i^J UJ {zi, Zq) , 

for any zq, zi, Zq eT {F, u, N) it results that the property (4.9) is satisfied. 
In the following, we verify the uniqueness of the operator d^ . 

Let d'^ be an another exterior differentiation operator satisfying the property (4.9) . 

Let 5 = {g G N : d^u = d'^oj, G A? {F, u, N)} be. 

Let z eV (FjVjN) he arbitrary. 

We observe that (4.9) is equivalent with 

(1) i, o {d^ - d'^) + {d^ - d'^) oi, = {). 
Since i^f = 0, for any / G J-" {N) , it results that 

{{d^-d'^)f) {z)=0, V/G^(iV). 
Therefore, we obtain that 

(2) OeS. 
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In the following, we prove that 

(3) qe S ^q+le S 

Let uj e AP+^ {F, V, N) be arbitrary. Since izOJ G i^F, v, N), using the equality (1), 
it results that 

o [d^ - d'^) uj = Q. 

We obtain that, ((d^ — d'^) oj) [zq, zi, Zq) = 0, for any zi, Zq [F, v, N) . 
Therefore d^oj = d'^oj, namely q + 1 e S. 

Using the Peano 's Axiom and the affirmations (2) and (3) it results that 5 = N. 
Therefore, the uniqueness is verified. q.e.d. 

Note that if a; = Wai.-.a,*"' A ... A t"'" G A« {F, u, N), then 

i=Q OX'^ 



' \ ) onaj ^a,ao,...,ai,...,u^j,...,i, 

i<j 



Therefore, we obtain 
(4.10) ^'=' 



ao,...,ai...aq 



^<3 / 

Remark 4-5 If d^ is the exterior differentiation operator for the generalized Lie 
algebroid 

((F,i.,iV),[,]^^^,(p,r?)), 

G (F, u, N) and U is an open subset of AT such that cop = 0, then (d^cj) |^ = 0. 

Theorem 4.8 The exterior differentiation operator d^ given by the previous theorem 
has the following properties: 

1. For any co E {F, v, N) and e {F, v, N) we obtain 

(4.11) d^{coAe)=d^u;Ae + {-iyuAd^e. 

2. For any z eT {F, v, N) we obtain 

(4.12) L^od^' = d^^ oL^. 

3. d^ od^ = 0. 

Proof. 

1. Let 5 = (g G N : d^ {co A9) = d^u A9 + (-1)« u A d^O, G A« (F, v, N)] be. Since 
d^ifAO) {z,v) = d^{f-e) {z,v) 

= r{Thop,hon)z {fuj {v)) -r{Thop,hon)v {fu {z)) - fu ([z, v]^,^^ 

= r {Th o p,h o r]) z {f) ■ CO (v) + f ■ T {Th o p,h o r]) z {co {v)) 

-T{Thop,hon)v{f)-u;{z)-f-T{Thop,hon)v{co{z))-fco[[z,v]p^^^ 

= d^f (z) -ioiv)- d^f (v) ■uj{z) + f- d^co {z, v) 
= {d^f A oj) (z, v) + (-1)° / • d^co (z, v) 

= {d^f A uj) {z, v) + (-1)° (/ A d'^oo) {z, v),yz,veT {F, v, N) , 
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it results that 



(1.1) OeS. 

In the following we prove that 

(1.2) qeS^q+leS. 

Without restricting the generality, we consider that E A"^ {F, u, N) . Since 



ZnA-r ) 



dF (w A 9) (zo,Zi, ...,Zq+r) = izo o {uj A 9) (zi, 
= {Lzo^ A 6* + W A L^^e) {Zl, Zq+r) 

- [d^ o{i,^^ujA9 + {-iyu;Ai,^^9)] (zi, z,+,) 

= (L^qW a 6* + W a L^o^ - (d^ O i^^u) A 9) (Zl, ...,Zq+r) 

- (i-iy-^ iz,iO A d^9 + (-1)" d^UJ A i,,9) {Zu Zq+r) 

- {-if'^U A d^ O i^^^9 (Zl, Zq+r) 



{{Lz 



.00 



d^ 



■izoUj) f\9) {zi,...,Zq+r) 



+L0 A {Lz^,9 -d^ O i^^9) (Zl, ...,Zq+r) 

+ (^{-ly i,,OJ A d^9 - {-ly d^U A i,,9) (Zi, Zq+r) 

{{izo°d^) uj) A9+{-lf+U^iu Ai,,9'j {zi,...,Zq+r) 

+ 'ojA O d^) 9) + {-If i,,OJ A d^9] {Zl, Zq+r) 

'i,, [d^U A9)+ (-1)'' i,^ [u A d^9)] {Zi, Zq+r) 
d^OJ A e + (-1)'^ LO A d^e] {zi,...,Zq+r) , 

for any zq, zi, Zq+r G T [F, v, N), it results (1.2) . 

Using the Peano's Axiom and the affirmations (1.1) and (1.2) it results that S 
Therefore, it results the conclusion of affirmation 1. 

2. Let z eT {F, V, N) be arbitrary. 

Let 5 = {g G N : (L^ o d^) uj = {d^ o L^) co, Vw G A« (F, u, N)} be. 
Let j E J- (N) be arbitrary. Since 

{d^ oL,)f= {i, o d^) o LJ 



[d^ o L,) f (v) = 
= (L„ oLz) f - {{d^ o i„) o L,) f 
= {L^ oLz)f- L[^,v]p J + o Hz,v]f.J " ° (^''•^) 
= {Ly oL^)f- L[z,v]F,h'l' + d^ o i[z,y]j^ J - 
= {Ly oLz)f- L^zMfJ + d^ o HzMp^hf -^zod^ {iyf) 
= (L, o i„) (d^f) - L[,,y]^ J + d^o i[,,y]^ J 
= (i„ o Lz) (d^f) + L[^,^]^ J - L[^^^]^ J 
= iyo{L,od^)f={L,odP)f{v), yveriF,iy,N), 



it results that 



(2.1) OeS. 
In the following we prove that 

(2.2) qeS^q+leS. 
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Let oj e A'l {F, v, N) be arbitrary. Since 

{d^ O L^) U {Zo, Zl, Zq) = O [d^ O L^) U) (Zl, Zq) 

= {izo ° d^) ° LzUJ {zi, Zq) 

= .(-^20 oLz)u- {{d^ o z^o) o L2) a;] {zi, Zq) 

= (L^o oL,)uj- L[^,^(,]^_^a;J {zi, Zg) 

d^ o i[z,zo]p,^'^ -d^ oLz (i^ow) (zi, Zq) 

d^ o i[z,zo]p^f,^ -L^od^ {i^^uj) {zi, Zq) 
{Lz o izo) [d^^] - Liz,zo]j,^^^ + d^ o i[z,zo]p^^<^ (^1, Zq) 
{izo o Lz) (d^uj) + L[^^^j,]^^^a; - L^^^^^^^^^ui {zi, Zq) 



+ 



+ 



"ZQ 



o (^Lz o d^) (jj (zi, ... 



= [Lz od^) LO {zo,Zl, ...,Zq) , yZo,Zl, ...,Zq S T {F,U,N) , 

it results (2.2) . 

Using the Peano's Axiom and the affirmations (2.1) and (2.2) it results that S' = N. 
Therefore, it results the conclusion of affirmation 2. 

3. It is remarked that 

iz o (d^ o d^) = (iz ° d^) o d^ = Lz o d^ — (d^ o iz) o d^ 
= Lz o d^ - d^ o Lz + d^ o [d^ o iz) = {d^ o d^) o iz, 

for any z eT{F, N) . 

Let w G A'^ (F, N) be arbitrary. Since 



[d^ o d^) uj (zi, ...,Zq+2) = izg+2 ° ••• ° ^zi o [d^ od^)uj = ... 



o (d^ o d^) (0) = 0, Vzi, Zq+2 G r (F, AT) , 



q.e.d. 



it results the conclusion of affirmation 3. 

Theorem 4.9 // d^ is the exterior differentiation operator for the exterior dif- 
ferential T{N)-algehra {A{F,i',N),+,-,A), then we obtain the structure equations of 
Maurer-Cartan type 



-\li/m\ ael,p 



(Ci) 
and 

(C2) d^H' = elf^, I G 

where {t°^,a G l,p} is the coframe of the vector bundle {F,u,N) . 

This equations will be called the structure equations of Maurer-Cartan type associa- 
ted to the generalized Lie algebroid (^{F, N) , [, , (p, rf)^ . 
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Proof. Let a G l,p be arbitrary. Since 
it results that 



(1) ^ ^ --Z.^;97 



I3<1 

Since = -L°^ and = - f A i^, for nay 7 G TTp, it results that 



(2) E^^/Ar = iL^/At^ 

Using the equalities (1) and (2) it results the structure equation (Ci). 
Let I E l,n be arbitrarily. Since 

it results the structure equation (C2). q.e.d. 
Corollary 4.1 // ({h*F, h*v, M) , [,]i^*p , -^^m)) t/ie pull-back Lie algebroid 



associated to the generalized Lie algebroid ^{F,L',N),[,]pi^,{p,r])^ and d^*^ is the 
exterior differentiation operator for the exterior differential (M) -algebra 

{A{h*F,h*U,M),-h,;A), 

then we obtain the following structure equations of Maurer- Cartan type 
{C[) d'^'^T'^ = ~ {L% oh)TP aeT3 

and 

(C^) d^*^x' = (pj, o h) T", i G T~^. 

This equations will be called the structure equations of Maurer- Cartan type associ- 
ated to the pull-back Lie algebroid 



({h*FXi^,M)X]h*F^(!^7,IdM)). 



Theorem 4.10 (of Cartan type) Let {E,t:,M) be an IDS of the generalized Lie 
braid (^{F,i^,N) ,[,]p^^^,{p,7])^ . If {e''+i, 6^} is a base for the T {M)-submodule 
(r [E^, tt^, M) ,+,•), then the IDS {E, tt, M) is involutive if and only if it exists 

G {h*F, h*u, M), a, /3 G r-\-l,p 

such that 

d^*^@- = A G X (r {E\ 7r°, M) ) . 

Proof: Let {Si, Sr} be a base for the T (M)-submodule (L {E, tt, M) , +, •) 
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Let {Sr+i, ...,Sp} eV {h*F, h*u, M) such that 

{Si, Sr, Sr+1, Sp} 

is a base for the (M)-module 

{r{h*F,h*i^,M),+,-). 

Let e^ 8'' € r (h*F, h*iy, M] such that 



{e\...,&',Q''+\...,ep} 

is a base for the (M)-module 



r \^h*F,h*iy,Mj ,+, 

For any a, 6 G 1, r and a, P e r + l,p, we have the equahties: 

Q^iSb) = 61 
@-{Sp) = 

e-(56) = 

6" (5^) = 81 
We remark that the set of the 2-forms 

{e'' A G^ 8" A e'^, 9" A e'^, a, 6 g t;7 a «, /? G r + 

is a base for the F (M)-module 

(A^ (/i*F,/iV,M),+,-). 

Therefore, we have 

(1) d^*^Q^ = ^b<cA^c®^ A + ^b,'yB^@^ A + Ep^^c^^e^ a e^, 

where, A^^,B^^ and C^^, a,b,c € l,r A a, G r + l,p are real local functions such 
that = and C^^ = -C^^. 
Using the formula 

(2) 

d'^*^G" (5b, 5c) = r {^J, Mm) Sb (6" {Sc))-r (V, /^m) 5e (G" (S6))-G" ([5,,, Sc];,.^) , 
we obtain that 

(3) = -Q" {[Sb, Sc]h*^) ,y{b,c€T~PAae T+T;^) . 

We admit that {E,tt,M) is an involutive IDS of the generalized Lie algebroid 
((F,z.,iV),[,]p,^,(p,r?)). 
As 

[Sb, Sc]h*F G r {E, TT, M) , V6, c G T;7 
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it results that 

G" {[Sb, Sc],,,p) = 0, y{b,cel~FAae F+T;^) . 

Therefore, 

= 0, y {b,c£T~r Aa £ r+l,p) 

and we obtain 

= G^ + iC^^G/^) A GT. 

As 

^= S^G'' + ^C^^G^ G h*i^, M) ,ya,pe 

it results the first implication. 

Conversely, we admit that it exists 

G A^ {h*F, h*u, M), a,Pe r + l,p 

such that 

(4) d^*^e- = S^g^O^ A G^ Va G f + T^. 

Using the affirmations (1) , (2) and (4) we obtain that 

A'^ = 0, V (6, c G T~F A a G r + l,p) . 
Using the aflfirmation (3) , we obtain 

G" {[Sb, Sci^.p) = 0, V (6, c G t;? A a G f+t;^) . 

Therefore, 

[Sb, Sc]h*F e r {E, TT, M) , V6, c G 17. 
Using the Proposition 3.2, we obtain the second implication. q.e.d. 
Let ((F', 

^'i-^') ' l]F',h' ' (p''^)) be an another generalized Lie algebroid. 
Definition 4.8 For any morphism {(p, ipo) of 

({F,u,N),[,]p^^,{p,r^)) 

source and 

((F',z.',Ar'),[,]^,,,,,(p',r?')) 
target we define the application 

A.'i{F',v',N') i^!^ A.i{F,v,N) 

where 

((v9, (^o)* tj') (zi, zq) = J (r (<yo, (^o) , r (99, 990) (^^g)) , 

for any zi, Zq €T {F, v, N) . 
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Remark 4-5 It is remarked that the B"*'-morphism {Th o p, ^ o jy) is a GLA-morphism of 

((F,i.,iV),[,]^^^,(p,ry)) 

source and 



((TiV, TAT, N) , [, , {IdTN,IdN)) 



target. 

Moreover, for any i £ 1, n, we obtain 

{Th op,ho rj)* {dx') = d^K\ 

where d is the exterior differentiation operator associated to the exterior differential Lie 
T (iV)-algebra 

{AiTN,TN,N),+,;A). 

Theorem 4.11 // {ip,ipo) is a morphism of 

(^{F,u,N),l]p^^,{p,7i)) 

source and 

((F',..',iV'),[,]p,,,,(p',7?')) 
target, then the following affirmations are satisfied: 

1. For any J G A« {F',u',N') and 9' G A'' {F',u',N') we obtain 

(4.13) <^o)* A e') = ^o)* ^' A i^, VoT 0'. 

2. For any z € T (F, z/, N) and J e A*? (F', z^', iV') u;e o6tom 

(4.14) iz {{(fi, <Po)* = iv, ^PoT {ir{,p,<fo)z^') ■ 

3. If N = N' and 

{Th op,hor)) = {Th' o p', h' o 77') o {ip, ip^) , 

then we obtain 

(4.15) {ip,ipo)* od^' =d^ o{ip,ipQ)* . 

Proof 1. Let u' G A-^ {F', u', N') and 9' G A'^ (F', z/', iV') be arbitrary. Since 

{ip, ipo)* {uj' A 6*') {Zl, Zq+r) = {uj' A 9') {T {(p, (po) Zl, T {<p, (Pq) Zq+r) 

= ——— Yl sgn{a) -uj' {T{(p,(pQ)zi,...,r{(p,(po)zq) 

(r (y?, 'Po) r (¥?, ipo) Zq+r) 

E SC/n (cr) • {tp, <Pq)* uj' {zi, Zq) {(p, p^f 9' {Zq+i, Zq+r) 



(9 + 0'a6S,+, 
= ((<^, V'o)* ^' A ((/?, (/^o)* (2l,-,^;q+r), 

for any zi, Zqj^r £ T (F, i/, A''), it results the conclusion of affirmation 1. 
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2. Let 2 G r {F, u, N) and co' e A« {F', u', N') be arbitrary. Since 

iz {{^, foT (^2, -, Zq) = J (r {^p, <y3o) Z, V ((/P, (^g) ^2, T ((p, (/Pq) Zg) 

= *r(<^,<^o)z'^' (r (</f, (y^o) 2^2, r (<y3, V^o) ^g) 
= ¥'o)* (^r(vp,¥'o)^'^') (^2, , 

for any Z2,---jZq € T {F,v, N), it results the conclusion of afHrmation 2. 

3. Let u' G A« (F', z^', AT') and zq, G T {F, v, N) be arbitrary. Since 

((<^, </'o)* C^'^'w') (^0, -, Zq) = (^d'^'w'j (r ((/P, (/Jq) ^0, •-, r {ip, ifo) Zq) 

= E (-1)^ r (T/j' o p', h' o r,') (r (<^, <po) ^0 

i=0 



^' ((r (v?, ^/^o) ^0, r {(f, ifo) zi, r (<^, <^o) ^i, r (<^, (^^o) ^g)) 
+ E {-iy+'-uj'{r{^,^o)[zi,zj]p,,T {ip, ipQ)zo,r{(p,ipQ)zi,..., 

0<i<j ^ 

•r (</?, <^o) r {if, ipo) zj, r {^p, <^o) ^q) 



and 



iif^'Po)* (^') {zo,...,Zq) 

q 

= E (-1)' T{Tho p,ho rj) (zi) ■ {{ip, (p^)* to') {zq, Zi, Zq 

i=0 



+ E i-'^y^^ ■ {{^,^0)* ^^') ([Zi,Zj]p,f^,Zo,...,Zi,...,Zj,...,Zq) 

0<i<j ^ ' ' 

= E (-1)* ^{Thop,ho r]) (Zi) ■ 00' (r {tp, ipo) Zq, r {ip, ipo) Zi, r {ip, p^) Zq) 

,r((^,¥'o)^o,r((^, p^zx,..., 

0<i<j ^ 

r (<^, po) Zi, r (<^, po) Zj, r (<^, p^) zq^ 



it results the conclusion of afHrmation 3. q.e.d. 
Definition 4.9 For any g G l,n we define 

Z« {F, V, N) = {uje A« {F, u,N):cLj = (}}, 

the set of closed differential exterior q- forms and 

Bi {F, V, AT) = {w G A9 {F, V, N):3r}e A«-i {F, v, N) \ dr] = uj] , 

the set of exact differential exterior q- forms. 

5 Exterior Differential Systems 

Let ({h*F,h*u,M) ,IdM)) be the pull-back Lie algebroid of the generali- 

zed Lie algebroid {{F, v, N) , [, , (p, . 
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Definition 5.1 Any ideal (X, + , •) of the exterior differential algebra of the pull-back 
Lie algebroid (^(h*F, h*v,M) , [, , /f , IcIm^^ closed under differentiation operator 
d^*^, namely d^'^Z C X, will be called differential ideal of the generalized Lie algebroid 

[{F,v,N),l]p,^,{p,l^)). 

In particular, if /i = Id^ = rj, then we obtain the definition of the differential ideal 
of a Lie algebroid. (see[2]) 

Definition 5.2 Let (X, +, ■) be a differential ideal of the generalized Lie algebroid 

(^iF,u,N),[,]j,^f^,{p,r,)). 

If it exists an IDS {E, vr, M) such that for all /c G N* and w G X n A*^ {h*F, h*u, M) 
we have u (ui, Uk) = 0, for any ui, itfc G L (E, tt, M) , then we will say that (X, +, •) 
is an exterior differential system (EDS) of the generalized Lie algebroid 

((F,i/,Ar),[,]^_^,(p,r7)). 

In particular, if h = Id^ = r], then we obtain the defintion of the EDS of a Lie 
algebroid. (see[2]) 

Theorem 5.1 (of Cartan type) The IDS {E,Tr,M) of the generalized Lie algebroid 

^(-P, i^jN) , [,]pfi , {p,rj)^ is involutive, if and only if the ideal generated by the T {M)- 

submodule {T {E^,tt^,M) ,+,■) is an EDS of the same generalized Lie algebroid. 
Proof. Let {E, vr, M) be an involutive IDS of the generalized Lie algebroid 

((F,j/,iV),[,]^^^,(p,r7)). 

Let {e^+\ e^} be a base for the T (M)-submodule (L {E^, tt^,M),+,-). 
We know that 

X (r {E°, 7r°, M)) = UgeN A 0", Up} C A^ {h*F, h*u, M)} . 

Let g G N and {i^r+i, ■■■,^p} C A« {h*F,h*iy,M) be arbitrary. 
Using the Theorems 4-8 and 4-10 we obtain 

d'^*^ (o„ A 9") = d^*^naAe'' + {-iy+^nfjAd^*^e^ 
= (d'^'^Qa + (-1)^+^ A ni^ A 8". 

As 

d''*^n^ + (-1)''+^ n^An^e a«+2 {h*F, h*iy, m) 

it results that 

d^'^^n^AQ^) GX(r (£;0,7rO,M)) 

Therefore 

d'^*^X(r(^o,7rO,M)) <ZZ{T{E^y,M)). 
Conversely, let {E,7r,M) be an IDS of the generalized Lie algebroid 

(^{F,u,N),[,]p,^,{p,r,)) 

such that the J" (M)-submodule (X (L {E^,7r^, M)) ,+, •) is an EDS of the generalized 
Lie algebroid ({F, u, N) , [, ]^ ,^ , (p, r?) j . 
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Let {@''+\ ...,eP} be a base for the ^ (M)-submodule (r (£;°,7r°,M) ,+, •) . As 

d'''^x(r(£;o,7r°,M)) cx(r(£;o,7r°,M)) 

it results that it exists 

G /iV, M) , a,P er + l,p 

such that 

d'^^^Q^ = A G X (r {e^ tt', m) ) . 

Using the Theorem 4-10, it results that (£^,7r,M) is an involutive IDS. q.e.d. 

6 Torsion and curvature forms. Identities of Cart an and 
Bianchi type 

Using the theory of linear connections of Eresmann type presented in [1] for the diagram: 

E (^F,[,]j,f^,{p,IdN)) 

(6.1) 

M 

where (£',7r, M) G IB"^] and (^{F,iy,N) ,[,]ph, {p,IdN)^ G |GLA| , we obtain a linear 
p-connection pT for the vector bundle (£', 7r,M) by components pF'^'^. 

Using the components of this linear p-connection, we obtain a linear p-connection 
pT for the vector bundle {E, it, M) given by the diagram: 

E (h*F,[\.p,(^J,IdM)) 

(6.2) TT 4 ih*u 

M M 

If {E, vr, M) = {F, N) , then, using the components of the same linear p-connection 
pF, we can consider a linear p-connection pT for the vector bundle {h*E, h*7r, M) given 
by the diagram: 

h*E (jfE^W^E^l^^'p^JdM)) 

(6.3) /i*7ri ih*TT 

M M 

Definition 6.1 If {E,Tr,M) = {F,iy,N), then the application 

T{h*E,h*Tr,Mf -^^^ T{h*E,h*Tr,M) 
{U,V) pT{U,V) 

defined by: 

(6.5) (p, h) T {U, V) = pDuV - pbvU - [C/, V\,p , 
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for any U,V & T {h*E,h*Tr, M) , will be called {p,h) -torsion associated to linear p- 
connection pV. 



Remark 6.1 In particular, if ^ = IdM, then we obtain the application 
(6.4') 



T{E,TT,Mf ^ r{E,7T,M) 



{u, v) — >■ pT (u, v) 
defined by: 

(6.5') pT (n, v) = pD^v - pD^u - [u, v]^ , 

for any u,v gF {E, tt, M) , which will be called p-torsion associated to linear p-connection 
pT. 

Moreover, if p = Idriw, then we obtain the torsion T associated to linear connec- 
tion r. 

Proposition 6.1 The {p, h)-torsion {p,h)T associated to linear p-connection pT is 
^.-bilinear and antisymmetric. 
If 

{p,h)T{Sa,Sb)''={p,h)T^,,S, 

then 

(6-6) {p,h)T\, = pri,-pTl^-Ll,oh. 

In particular, if h = Mm and pT {sa, Sf,) ^= pT^^Sc; then 

Moreover, if p = IdTM, then the equality (6.6') becomes: 

(6-6") TV, = r^, - .. 

Definition 6.2 If {E^-k^M) = {F,v,N), then the vector valued 2-form 

(6.7) {p,h)T = {{p,h)T\,S,)S-^S^ 

will be called the vector valued form of {p, h) -torsion (p, h) T. 
In particular, if /i = /c?m, then the vector valued 2-form 

(6.7') pT = (pT'^^fcSe) s« A 

will be called the vector form of p-torsion pT. 

Moreover, if p = IdxM, then the vector valued form (6.7') becomes: 



(6-7") T=(tV,^) 



dx^ A dx^ . 



Definition 6.3 For each c G l,n we obtain the scalar 2-form of {p,h)-torsion 
{p,h)T 

(6.8) {p,h)T' = {p,h)T'^,S''ASK 
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In particular, ii h = Idu, then, for each c G l,n, we obtain the scalar 2-form of 
p-torsion pT 

(6.8') pT'^ = pT^„j,s" A s^. 

Moreover, if p = Mtm, then the scalar 2-form (6.9') becomes: 
(6.8") T = T.j^dx^ A dx''. 

Definition 6.4 The application 

/g9^ {r{h*F,h*u,Mf xr{E,Tr,M) r{E,7r,M) 

{{Z,V),u) pR{Z,V)u 

defined by 

(6.10) (p, h) R {Z, V)u = pDz [pDvuj - pDy [pDzuj - pD[z,v]^^^u, 

for any Z,V {h*F, h*v, M) , « G F {E, tt, M) , will be called (p, h)-curvature associ- 
ated to linear p-connection pF. 

Remark 6.2 In particular, if /i = /^m, then we obtain the application 

(6.9/) T{F,u,MfxT{E,T:,M) ^ r{E,7T,M) 

{{z,v),u) — > pR{z,v)u 

defined by 

(6.10') pM (z, v)u = pDz {pD^u) - pD^ {pD^u) - pDf^^^j^-u, 

for any z,v &V (F, v, M) , « G T (£', tt, M) , which will be called p-curvature associated 
to linear p-connection pV. 

Moreover, if p = IdxM, then we obtain the curvature R associated to linear connec- 
tion r. 

Proposition 6.2 The {p, h)- curvature (p, /i)M associated to linear p-connection pT, 
is ^.-linear in each argument and antisymmetric in the first two arguments. 
If 



(p, h) R (Tp,T^) s, "= (p, h) Rl ,^sa, 



then 



{p,h)Rt^f, =pi^oh^ + prt^pTi^-Pl,oh'-g^ 

(6.11) -pT-^pTl^ + pT-^Ll^oh. 

In particular, if h = Mm and pR (t^, ta) Sb ^ pR^ ap^o-> then 

(6.11') pwi „^ = p^^«^ + pr^^prg, - - p^aPn^ + p^lyLlp- 

Moreover, if p = IdTM, then equality (6.11') becomes: 

1 1 tl\ ma bh _|_ "pa pe _ bk _ "pa pe 
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Definition 6.5 The vector mixed form 

(6.12) {p, h)^ = ( ((p, h) M.t ^psa) T- A T/^) s" 

will be called the vector valued form of {p, h) -curvature {p, h) R. 
In particular, if /i = Mm, then the vector mixed form 

(6.12') pR = (^(^pR-^f^Sa)t^At^)s^ 

will be called the vector valued form of p- curvature pM. 

Moreover, if p = IdxM, then the vector form (6.12') becomes: 

(6, 12") M = ((M^ i^^Sa) dx'^ A dx'') sK 

Definition 6.6 For each a,b E l,n we obtain the scalar 2- form of (p, h) -curvature 
(p,/i)M 

(6.13) (p,/i)M^ = (p,/i)R^„^r"Ar/3. 

In particular, li h = IdM, then, for each a, 6 € l,n, we obtain the scalar 2-form of 
p- curvature pR 

(6.13') pMg = pMg,^t"At'3. 

Moreover, if p = IdxM, then the scalar form (6.13') becomes: 
(6.13") = f^^dx'' A dx''. 

Theorem 6.1 The identities 
(Ci) {p,h)T'' = d^*^S'' + niAS\ 

and 

(C2) {p,h)R^ = d''*^n^-hii^c^ni 

hold good. These will be called the first respectively the second identity of Cartan type. 

Proof. To prove the first identity we consider that {E, tt, M) = {F, u, M) . Therefore, 
0« = pTl^S^. Since 

dh'Fsa^U,V)Sa = {{vfj ,IdM)U)S-{V) 

~{t('J JdM)V){S^{U)) - S-{[U,V]h-.F))Sa 

= iTi''7,IdM)U)iV-) - {t('J JdM)V){U'') - S^{[U,V]h*F)Sa 

= pbuV - V'pDuSb - pDvU - U'pDvSb - [U, Vjh^p 
= (p, h) TiU, V) - ipFlV'^U'' - priU'^V'^)Sa 

= ((p, h) r-{u, y) - A s\u, v))Sa, 

it results the first identity. 
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To prove the second identity, we consider that {E, tt, M) {F, v, M) . Since 

(p, h) M« {Z, W) sa = (p, h) R {{W, Z) , sb) 

= pDz (^pDwSbj - pDw {pDzSbj - pD[z,w]^,pSb 

= pbz {^l {W) Sa) pDw {^t {Z) Sa) - {[Z, W],^,p) Sa 

+ in-{z)ni{w)-n-{w)Qi{z))sa 
= {d^*^nt (z, T^) + J)? A ni {z, w)) Sa 

it results the second identity. 

Corollary 6.1 In particular, if h = IdM, then the identities (Ci) and (C2) become 

(C() pT'^ = d^s" + u;^ A s^ 

and 

(C^) pRt = d''ut + ivtAujl 

respectively. 

Moreover, if p = IdxM, then the identities (CJ) and (C2) become: 
{C'O T = ddx^ + uj) A dx^ = oj) A dx^ 

and 

{C'{) M} = duj) + uj\ A Wj^, 

respectively. q. e. d. 

Theorem 6.2 The identities 

{Bi) d^*^ (p, h) T« = (p, h) A - 0« A (p, h) 

and 

{B2) d^*^ (p, h) Rl = (p, h) RlA^l-^lA (p, h) Rl, 

hold good. We will called these the first respectively the second identity of Bianchi type. 
If the (p, h) -torsion is null, then the first identity of Bianchi type becomes: 

(Bi) (p,/i)M«As^ = 0. 

Proof. We consider {E, tt, M) = [F, v, M) . Using the first identity of Cartan type 
and the equaUty d'^ ^ o d'^ ^ = 0, we obtain: 

d''*^ (p, h) = d^*^Q,l AS''-n^A d'^^^S". 

Using the second identity of Cartan type and the previous identity, we obtain: 

d''*^ (p, h) T" = ((p, h) - A ni) AS'^-n^^A ((p, h) T^'-niA s^^ . 

After some calculations, we obtain the first identity of Bianchi type. 
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Using the second identity of Cartan type and the equahty dl^*^ odl^*^ = 0, we obtain: 

df'^^Q,'}^ A^i-n^A d^*^ni = d^*^ (p, h) R^. 

Using the second of Cartan type and the previous identity, we obtain: 

d^*^ {p, h) Ri = Hp, h) Ri-^iA ni) A - A Hp, h) Ri-^iA ^i) . 

After some calculations, we obtain the second identity of Bianchi type. q.e.d. 
Corollary 6.2 In particular, if h = IdM, then the identities (Bi) and {B2) become 

iB[) d^pT" = pM^ A s'' - A pT" 

and 

{B'2) d^pRl = pM.lAul-ulApRl, 
respectively. 

Moreover, if p = IdxM, then the identities and (SQ become: 

{B'D dT = A dx^ - A T'^ 
and 

{B'i) dW-j = Wj^ A u) -u\A R), 
respectively. 
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